Let G be a finite group with an abelian Sylow 2-subgroup P . Let C B be the Cartan matrix of the principal 2-block B of G. We show that the Frobenius-Perron eigenvalue ρ(B) of C B is a rational integer if and only if B and its Brauer correspondent block b of N G (P ) are Morita equivalent by using a classification of finite simple groups with an abelian Sylow 2-subgroup. In this case, we can take the Brauer character table Φ b of b as a unimodular eigenvector matrix U B of C B over a complete discrete valuation ring R.
Introduction
Let G be a finite group, let F be an algebraically closed field of characteristic p > 0, and let B be a block of the group algebra FG with defect group D. Let C B = (c ij ) be the Cartan matrix of B. Let ρ(B) be the Frobenius-Perron eigenvalue of C B (i.e. the unique largest eigenvalue of C B ). Let (K, R, F ) be a p-modular system, where R is a complete discrete valuation ring of rank one with R/(π) F for a unique maximal ideal (π) and K is the quotient field of R with characteristic 0.
The questions when eigenvalues of C B are rational integers and what relations exist between eigenvalues and elementary divisors of C B are fundamental for studying eigenvalues of the Cartan matrix of a block. We have been interested in and studying on integrality of eigenvalues of the Cartan matrix of a finite group in [13, 26, 27] . Consequently we found that if ρ(B) is integral then B and its Brauer correspondent block b of FN G (D) are Morita equivalent in many cases. Let us denote by Z the ring of all rational integers. We posed the following question in [13, Question 3] . When D is abelian, if ρ(B) ∈ Z then are B and its Brauer correspondent b Morita equivalent? This question is not necessarily answered affirmatively when D is not abelian (see [13, Example] [27, Theorem C] we obtained the following result. Let G be a finite group with an elementary abelian Sylow 3-subgroup P of order 9. Let p = 3. Then, for the principal 3-block B and its Brauer correspondent block b of FN G (P ), ρ(B) ∈ Z if and only if B and b are Morita equivalent. In this paper we will show that the same result holds for G with an abelian Sylow 2-subgroup and for the principal 2-block B of G.
Preliminaries
Let R B and E B be the set of all eigenvalues (i.e. the spectrum) and of Z-elementary divisors of C B , respectively. We raised the following conjecture on integrality of ρ(B) in [27] . [27] .) Let G be a finite group. Let B be a block of FG with defect group D. Then the following conditions are equivalent.
Conjecture. (See
Considering the condition (d) we noticed the concept of eigenvector matrix U B of C B . Here U B is a matrix whose columns consist of linearly independent eigenvectors (see [27, §1 and §3] ). We proved that Conjecture is true if B is a cyclic block or a tame block and we proved (b) and (c) are equivalent if G is a p-solvable group in [13] . Furthermore, in [27] we proved that Conjecture is true if p = 3 and G is a finite group with an elementary abelian Sylow 3-subgroup of order 9 and B is the principal 3-block of G by making use of some results of [15] . In this case, we can take the Brauer character table Φ b of b as a unimodular eigenvector matrix U B of C B over a complete discrete valuation ring R.
Remark. In [27, Proposition 2(i)], the group M 24 is included. This is a misprint and M 24 must be deleted, and also in the proof of Theorem C. There is also a misprint in the last example of in [27, Remark 2] . The (5, 5) entry must be 3. (2) hold.
In fact, 
Theorem
Let G be a finite group with an abelian Sylow 2-subgroup P and let B be the principal 2-block of G. Let C B be the Cartan matrix of B. First we mention the structure theorem of a finite group G with an abelian Sylow 2-subgroup by John H. Walter [28] which was supplemented by H. Bender [4] . We denote by O(G) and O (G) the maximal normal subgroup of G of odd order and the minimal normal subgroup of G of odd index, respectively. [28, Theorem 1] , [4] and also see p. 485 in [11] .) Let G be a finite group with an abelian Sylow 2-subgroup. Then O (G)/O(G) is the direct product of an abelian 2-group and simple groups of one of the following types:
Proposition 1. (See
The purpose of this note is to prove the following theorem which is inspired by and really due to many results in order to prove that Broué's abelian defect group conjecture is true for the principal 2 (or 3)-block of a finite simple group with an abelian Sylow 2 (or 3)-subgroup (see [15, 19, 21] and [24] ). In the following, for the definition of Puig equivalence, see [5, 6 us set G = O (G) . Then
where G i PSL (2, q i ) 
If one of (a), . . . , (e) holds, we can take Φb as a unimodular eigenvector matrix UB of CB .
Proof. In the following we denote by B 0 (X) the principal 2-block of a finite group X. We first state the following Lemma 3 before showing (e) → (d). Since M is a Δ(P )-projective 2-permutation module, the module M induces a Puig equivalence. P Proof of (e) → (d) of theorem. Let H = N G (P ), where P = P 1 × · · · × P r × S and P i is a Sylow 2-subgroup of G i . Then Then we can take Φb as a unimodular eigenvector matrix UB of CB by Lemma 2. Thus we complete the proof of theorem. P
Lemma 3. Let G = PSL(2, q) with q ≡ 3 (mod 8), and H = N G (P ) where P is a Sylow 2-subgroup of G. Let M be a unique indecomposable direct summand of F [G × H ]-module B 0 (G) with vertex Δ(P ) = {(x, x) | x ∈ P }. Then M induces a Puig equivalence between the principal blocks B 0 (G) and B 0 (H ) of G and H .

Proof. First we note that P is isomorphic to the Klein four group and H is isomorphic to the alternating group A 4 on four letters. We may assume that q > 3. For any nontrivial subgroup Q of P , applying the Frattini argument to N G (Q) and C G (Q), we have N G (Q) = N H (Q)C G (Q).
It is easily checked that C G (Q) is p-nilpotent, since H A 4 and then N G (P ) ∩ C G (Q) = P . Therefore we have N G (Q) = N H (Q)O(C G (Q)). This implies that
H = N G 1 (P 1 ) × · · · × N G r (P r ) × S.
Let M i be a unique indecomposable direct summand of F [G i × N G i (P i )]-module B 0 (G i ) with vertex Δ(P i ) as in Lemma 3 and set
M = M 1 ⊗ F M 2 ⊗ · · · ⊗ F M r ⊗ F F S.
Let us set
G 0 = GCG(P ). Then G 0 = GC G 0 (P ). Let us set H 0 = N G 0 (P ). Then we have H 0 = H C H 0 (P ), because G 0 = GCG(P ) and CG(P ) = C G 0 (P ) = C H 0 (P ).
